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Experimental Analysis of the Turbulent Shear Stresses
for Distorted Supersonic Boundary Layers

Joel J. Luker,* Chad S. Hale,* and Rodney D. W. Bowersox†
U.S. Air Force Institute of Technology, Wright– Patterson Air Force Base, Ohio 45433-7765

An experimental analysis of the turbulent shear stresses for a supersonic boundary layer distorted by
streamline curvature-induced pressure gradients was performed using laser Doppler velocimetry. Four
pressure-gradient � ows were examined: a nominally zero-pressure-gradient case (M = 2.8, Reu = 1.1 3
104, b = 0.02); a favorable-pressure gradient (M = 2.9, Reu = 1.5 3 104, b = 20.5); an adverse-pressure
gradient (M = 2.7, Reu = 1.2 3 104, b = 0.9); and a successive-pressure gradient (M = 2.5, Reu = 1.2 3
104, b = 21.0, following a region of b = 0.9). For the favorable-pressure gradient, the turbulent shear-
stress levels across the boundary layer decreased by 70 – 100%, as compared to the zero-pressure-gradient
boundary layer. For the adverse-pressure gradient, a 70 – 100% increase was observed. For the combined-
pressure gradient, the shear stresses returned to values similar to the zero-pressure-gradient � ow. A new
pressure gradient parameter was found to correlate well with the peak shear-stress ampli� cation. It was
also postulated that the shear-stress ampli� cations were in part the result of the nonuniform bulk
dilatation/compression and streamline divergence/convergence, implying a forcing phenomena that in� u-
enced the statistical correlation. The combined-pressure-gradient � ow demonstrated that the tur-u9v9
bulent structure adjusts relatively rapidly to the distortion. Numerical simulations of the mean velocity
obtained with a k-v turbulence model were found to agree very well with the present data. With the
exception of the zero-pressure-gradient � ow, the magnitudes of the turbulent shear stresses were not
accurately reproduced; however, correct trends were predicted.

Nomenclature
B = pressure gradient parameter
d = distortion parameter, e/­ū/­y
e = extra strain rate
H = d*/u
I = impulse, *edt

k = turbulent kinetic energy
L i = length of interaction region
M = Mach number
Re = Reynolds number
u, v, w = velocity components
u* = friction velocity ( t /r )Ï w w

y1 = rwu*y/mw

b = d*/tw dp/dx
d = boundary-layer thickness
d* = kinematic displacement thickness
u = kinematic momentum thickness
t = shear stress
f = local de� ection angle

Subscripts
e = boundary-layer edge
p = bulk compression or dilatation
t = total condition
w = wall
f = wall de� ection
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Superscripts
0 = in� ow condition
0 = Favre � uctuating component
9 = Reynolds � uctuating component

¯ = Reynolds mean component

Introduction

S UPERSONIC � ow over curved surfaces has many prac-
tical applications, for example, exterior aerodynamic lift-

ing surfaces, supersonic aircraft engine inlet compression
ramps, supersonic turbofan, and supersonic nozzle � ows. Be-
cause of the large number of practical usages, these � ows have
been the subject of much investigation.1– 25 However, as dis-
cussed by Bradshaw1 and Spina et al.,2 the understanding of
the fundamental physical processes remains uncertain. Hence,
investigations of these � ows have important theoretical impli-
cations. The primary reason for the lack of understanding of
supersonic � ows with pressure gradient effects has been at-
tributed to the scarcity of accurate experimental data. As in-
dicated by Spina et al.,2 acquiring quality data is very dif� cult
in these � ows. A recent survey by Settles and Dodson3 ex-
empli� es the current state of affairs. After reviewing over 100
shock/boundary-layer interaction studies with a freestream
Mach number greater than 3.0, 19 passed a criterion that Set-
tles and Dodson deemed necessary for turbulence model de-
velopment.

A second factor contributing to the lack of understanding of
these � ows is the inability of current and foreseeable near-
future computational techniques to perform direct numerical
simulation of the turbulence for high Reynolds number � ows.
Many of the terms, e.g., the static pressure-velocity � uctuation
correlations, that arise in the equations governing the transport
of the second-order turbulent correlations are currently not
measurable. Hence, the experimental and computational limi-
tations couple to make the study of high-speed high-Reynolds
number turbulence particularly arduous and highly empirical.

Since 1961, researchers and engineers have enjoyed the sim-
plifying rami� cations of Morkovin’s hypothesis.5 However,
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Spina et al.2 suggest that the effects of compressibility become
important at Mach numbers lower than originally believed.
The measurements of Morkovin,6 Miller et al.,7 and Bowersox
and Buter8 indicated that the compressible turbulence term
(i.e., measured across supersonic boundary layers wasr9v9)
dramatically in� uenced by favorable and adverse-pressure gra-
dients. In addition, the compressible turbulence contribution to
the Reynolds shear stress has been shown to be signi� cant6– 8;
i.e., > 1.0. On the other hand, Smith and Smits4ūr v /r̄u v9 9 9 9
observed that turbulence models based on Morkovin’s hypoth-
esis6 were adequate for predicting the effects of the pressure
gradient and streamline curvature on turbulent Reynolds shear
stress.

Although the � ow physics associated with a supersonic tur-
bulent boundary layer subjected to a pressure gradient are not
currently fully understood, many of the salient features have
been well characterized. For example, many of the observed
differences between distorted supersonic and subsonic bound-
ary layers can be explained in terms of the � uid property
changes across the boundary layer.2,4 However, supersonic
� ows possess phenomena that do not have incompressible
counterparts. For example, wave (expansion or compression)
boundary-layer interactions, where the longitudinal pressure
gradients can lead to compression or dilatation, which in turn
affect the velocity pressure and density � uctuations, are not
present in subsonic � ow.

There are basically two ways to generate a pressure gradient
in supersonic � ow, wave – boundary-layer interaction and
streamline curvature. For the case of a curved wall, it is dif-
� cult to separate the effects of streamline curvature and pres-
sure gradient on the turbulent � ow properties; however, for an
imposed wave, the streamline de� ection angle is usually very
small; hence, the effects of pressure gradient can be isolated.4

The differences between the two methods make characterizing
the strength of the perturbation tenuous. Smith and Smits4 sug-
gested that the Clauser pressure-gradient parameter is not a
suf� cient characterization parameter for supersonic � ow.

Bradshaw1 concluded that the mean dilatational strain rate
directly affects the turbulence to an extent much higher than
that expected from the terms in the Reynolds stress transport
equations that contain the extra strain rates explicitly. Brad-
shaw also proposed that the turbulent energy dissipation terms
should be divided by a factor given by F = 1 1 ad, where d
is the distortion de� ned as the ratio of the extra strain rate to
the primary ­ū /­y velocity gradient. The constant a is on the
order of 10. As noted by Bradshaw, the factor F is not a law
of nature; instead it represents an empirical correction that has
been successfully used to predict the effects of suddenly ap-
plied curvature, lateral divergence, and dilatation. In any event,
the distortion parameter d has been used as a convenient means
to classify a pressure gradient. A distortion is generally con-
sidered mild if dmax ’ 0.01 and strong if dmax ’ 0.1. If the
distortion is applied for a time that is comparable to an eddy
lifetime, then the impulse parameter I, the time-integrated
strain rate, may be a better choice.4 For an impulsive per-
turbation resulting from a region of bulk compression, Ip =
<n(p2/p1)/g.4,9 For an impulse as a result of curvature, If =
Df.10 Even though the interactions between the strain rates are
most likely nonlinear, the linear addition of the perturbation
strengths is usually accepted for crude comparisons among dif-
ferent � ows.4

When a streamwise adverse-pressure gradient is imposed on
a supersonic boundary layer, the � ow is distorted by both the
effects of pressure gradient and bulk compression. While few
turbulence measurements have been made in such � ows, the
mean � ow� elds have been well documented.2 For a supersonic
boundary layer where the subsonic region is small compared
to the boundary-layer thickness, the adverse-pressure gradient
causes the skin friction to increase and the boundary-layer
thickness to decrease. As discussed in Spina et al.,2 this coun-
terintuitive behavior arises in supersonic � ow as a result of the

density increasing more rapidly than the velocity decreases
through the pressure gradient region.

In general, adverse-pressure gradients have been shown to
have destabilizing effects on turbulent boundary layers, where
the turbulent � uctuation properties increase in magnitude. A
number of studies have been performed where the adverse-
pressure gradient was generated by imposing a wave (com-
pression and shock) onto a boundary layer.11– 15 Because these
� ows experienced minimal streamline curvature, the sole ef-
fects of the adverse-pressure gradient could be assessed. As
reported in Bradshaw,1 Spina et al.,2 and Smith and Smits,4 the
Reynolds shear stresses are considerably ampli� ed by the pres-
sure gradient. For the case of Fernando and Smits,14 the Rey-
nolds shear stress was ampli� ed by 220% for an impulse of Ip

= 0.46 applied over a distance of 7.0 boundary-layer heights.
In addition, for moderate pressure gradients, van Driest scal-
ing16 has been found to hold.4

Concave streamline curvature can be used to generate an
adverse-pressure gradient.17– 20 However, as mentioned earlier,
it is dif� cult to separate the destabilizing effects of the concave
streamline curvature from those of the adverse-pressure gra-
dient. Thomann17 found that the 20-deg concave curvature
(with the pressure gradient eliminated) increased the wall heat
transfer by 20%. The data summarized in Smith and Smits4

also suggest that the amount of ampli� cation of the Reynolds
shear stress depends not only on the magnitude of the stream-
line curvature and pressure gradient, but also on the spatial
extent of the distortion. Smith and Smits found that the more
rapid the perturbation, the higher the ampli� cation. The peak
Reynolds shear stress was ampli� ed by 200% for a pressure
gradient with Ip = 0.46, If = 0.14, and a length of 7.0 bound-
ary-layer heights. For a similar magnitude pressure gradient
applied more rapidly (1.4 boundary-layer heights), the peak
ampli� cation was 390%. Hence, in addition to the impulse
function and Clauser parameter, the length of the pressure-
gradient region is also required for characterizing pressure gra-
dients.

The number of investigations of favorable-pressure-gradient
� ows is dramatically fewer than those of adverse-pressure
gradients.6,17,21– 25 Of the available reports, only the results of
Arnette et al.25 provide turbulent shear stress data. However,
other studies have found that the axial turbulent shear stress
decreased by 70 – 90% for Ip and If values [ (20.5, 21.0)
and (20.2, 20.3), respectively.2,4 Hence, an imposed expan-
sion results in a bulk dilatation and an expansion of the su-
personic stream tubes, which have been deemed to be a sta-
bilizing phenomenon, where the magnitude of the turbulent
� uctuation properties decreases. Relaminarization of part of
the boundary layer is believed possible if the pressure gradient
is strong enough. Further, Thomann17 demonstrated that con-
vex curvature, with the pressure gradient removed, is also sta-
bilizing. Smith and Smits22 and Dussauge and Gaviglio23 es-
timated, using a rapid distortion analysis, that the majority of
the turbulence reduction was an effect of the mean bulk dila-
tation.

Arnette et al.25 showed that the overall magnitude of the
kinematic Reynolds shear stress was dramatically decreased
across the entire boundary layer for 7.0 and 14.0 deg centered
and gradual expansions. They further de� ned an apparent re-
verse transition, where the normal energy transfer from the
mean � ow has been reversed, to describe a sign changing of
the Reynolds shear stress for the 14-deg expansions.

Successive, or combined, pressure-gradient � ows have re-
ceived very little attention.4,26 In the Smith and Smits4 study,
the response of the boundary-layer properties to the successive
distortions (Ip = 0.35 and If = 0.92, followed by Ip = 20.35
and If = 20.92) was found to occur rapidly. Smith and Smits
also noted that the turbulent stress levels returned to nearly the
upstream values at the exit of the second perturbation. How-
ever, further downstream, an undershoot of the turbulence lev-
els suggested an underdamped second-order response.4

With the exception of the laser Doppler velocimetry (LDV)
study of Arnette et al.,25 hot-wire anemometry has been almost
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Table 1 Model contours

Model a0 3 1 a1 3 10 a2 3 100 a3 3 1000

FPG 20.2078 0.8970 20.9476 20.03598
CPG 1.186 25.410 7.478 22.800

Fig. 2 Schematic of curved-wall contours.

Fig. 1 Schematic of the AFIT pressure – vacuum supersonic wind
tunnel.

exclusively used to characterize the turbulent structure of these
distorted boundary-layer � ows. However, to deduce the kine-
matic turbulent shear stress from this technique, an ad hoc
assumption concerning the static pressure � uctuation � eld is
required, e.g., p9 ’ 0. For zero-pressure-gradient boundary
layers and free shear layers, this assumption appears to provide
reasonable results.8 However, in the presence of a pressure
gradient or distortion, the validity has not been established.

The purpose of the present study was to examine experi-
mentally, using LDV, the turbulent shear stresses of supersonic
boundary layers, which were distorted by streamline-curva-
ture-driven pressure gradients. The experimental results are
compared to numerical predictions using a k-v two-equation
turbulence model.27 Four pressure gradient � ows were exam-
ined: 1) a nearly zero (b = 0.02) pressure gradient (ZPG) base-
line case was documented for comparative purposes; 2) a fa-
vorable-pressure gradient (FPG, b = 20.5, Ip = 20.13, and If

= 20.14) associated with � ow over a convex wall; 3) an ad-
verse-pressure gradient (APG, b = 0.9, Ip = 0.09, and If =
0.12) created with a concave wall; and 4) a combined, or suc-
cessive, pressure gradient (CPG) model that had a convex sur-
face following a concave wall (b = 21.0 following a region
of b = 0.9, Ip = 20.21 following 0.09, and If = 20.04 follow-
ing 0.12). The measurements include the wall pressure, the
mean velocity pro� les, the mean strain rates (­ū /­y, ­ū/­x, ­ū/
­z, ­v̄/­y, ­v̄/­x, and ­v̄/­z), and the kinematic turbulent shear
stresses .(2u9v9)

Experimental Apparatus
Facilities

All tests were performed in the U.S. Air Force Institute of
Technology’s pressure– vacuum supersonic wind tunnel (Fig.
1). The freestream Mach number was 2.9, with a 60.02 var-
iation across the test section. The settling chamber pressure
and temperature were maintained at 2.0 6 0.03 atm and 294
6 2 K, respectively, for all tests. The freestream Re/m was 15
3 106. The freestream turbulent kinetic energy was 0.016% of
the mean speci� c kinetic energy. The test section was 6.35 3
6.35 cm in cross section. The coordinate system was de� ned
such that x was positive in the streamwise direction, and the
origin was located at the nozzle throat. Because all of the mea-
surements were made normal to the tunnel ceiling, y was de-
� ned as positive down, and it was zero at the test section
ceiling; z completed the right-hand system.

The curved-wall sections were built into the tunnel ceiling
as shown in Fig. 1, and the contours started at x = 65.08 cm.
The curved-wall contours were generated to match a cubic
polynomial Dh = a0 1 a1Dx 1 a2Dx2 1 a3Dx3, where Dh (cm)
was relative to the tunnel ceiling, and Dx (cm) = x 2 60.0.
The coef� cients for each model are given in Table 1. The
tunnel height above the lower � oor is shown in Fig. 2. The
FPG model is given by the dashed line. For this model, the
measurements were acquired normal to the curved wall at x =
71.5 cm. The APG and CPG � ows were generated with the
same model, which is indicated by the solid line. The mea-
surements normal to the curved wall were acquired at x = 68.0
and 71.0 cm for the APG and CPG models, respectively. The

zero-pressure-gradient data were also taken at x = 71.5 cm
downstream of the nozzle throat. These measurement locations
were nominally 3500 momentum thickness heights down-
stream of the nozzle exit, and the boundary layer has been
documented to be in a state of equilibrium.8

Instrumentation

A Dantec brand 57N Enhanced BSA two-component LDV
system, with a 300-mW argon – ion laser, was used for the
present experiment. The 1/e2 beam diameter was 0.82 mm. The
green beams (514.5 nm) and blue beams (418.0 nm) were
aligned parallel and perpendicular to the model walls, respec-
tively. This was done to avoid the angular bias reported in Ref.
18. A 40-MHz frequency shift was applied across both the
green and blue components. A 600-mm focal-length transmit-
ting lens was used; this provided a 0.276-mm-diam control
volume that was 0.9 cm long (along the z axis). Because of
the increased intensity of the scattered light, forward scattering
was used. However, to prevent damaging the photomultiplier
tubes, the system was operated 3.5 deg off axis. The Dantec
three-dimensional traverse system was used. The rated accu-
racy was 613 mm for 600 mm of movement. The � ow was
seeded by injecting 0.6-mm-diam particles of olive oil along
the centerline of the tunnel upstream of the � ow straighteners
within the stilling chamber. The particles were generated with
a TSI brand Six Jet Atomizer.

LDV provided direct measurements of the mean velocity (ū
and v̄) and the kinematic Reynolds shear stress, i.e., =2t /r̄ūxy

. For homogenous gaseous � ows, the Favre-averaged22u9v9/ū
turbulent shear stress, which is almost universally used in mod-
ern numerical prediction formulations, has been shown to re-
duce to the kinematic shear stress given earlier.8 Random error
analysis indicated a 69.0 and 68.0% uncertainty in the mean
velocity and Reynolds shear stress, respectively. The unusually
large mean velocity uncertainty estimate resulted from the
probe position uncertainty (0.01 mm) and the very large near-
wall velocity gradient. In the freestream, the mean velocity
uncertainty was estimated as 2.0%.

Surface pressure measurements were obtained by instru-
menting the model walls with a series of 1.59-mm-diam pres-
sure taps. Endevco brand 61.02-atm pressure transducers were
incorporated to monitor the pressure. Random error analysis
indicated a 62.0% uncertainty in the surface pressure mea-
surements.

Results and Discussion
Mean Flow Results

Presented in Fig. 3 are the wall pressure distributions for
the two models. As indicated, the FPG model experienced a
favorable-pressure gradient over the complete model. The
APG/CPG model experienced an adverse-pressure gradient
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Table 2 Summary of local boundary-layer and pressure-gradient parameters

Model Me d, mm d*/d u/d H Reu C f
a

b dmax Ip
b Iu

c L i/d0
d IT/(L i/d0)T

ZPG 2.79 9.9 0.062 0.050 1.24 1.1 3 104 0.0016 0.02 0.02 0.10 0 27.9 0.003
FPG 2.91 11.9 0.075 0.056 1.34 1.5 3 104 0.0011 20.5 0.14 20.13 20.14 8.1 20.03
APG 2.72 9.1 0.083 0.074 1.12 1.2 3 104 0.0022 1.0 0.14e 0.09 0.12 4.0 0.04
CPGf 2.51 7.5 0.075 0.060 1.25 1.2 3 104 0.0010 20.9 0.16 20.21 20.04g 4.1 20.002
a
Estimated via the Couette � ow assumption.

b
Based on measured boundary-layer edge pressure.

c
Based on local wall inclination.

d
Length of curved-wall model,

d0 = dZPG.
e
Based on transverse extra strain rates only.

f
Downstream of the above APG � ow.

g
Relative to the model in� ection point.

Fig. 3 Wall pressure contours (uncertainty: 62%).

followed by a favorable-pressure gradient. The in� ection point
for the model was located at x = 68.93 cm, which is in agree-
ment with the peak pressure, as indicated by the polynomial
� t.

The measured boundary-layer parameters are summarized in
Table 2, and random error estimates for all of the data used to
generate Table 2 are discussed in the preceding text.28,29 The
zero-pressure-gradient freestream conditions (x = 71.5 cm)
were used as the reference upon which the effects of the pres-
sure-gradient/streamline curvature could be assessed. The edge
Mach number was estimated from the measured velocity
(LDV) and assuming an adiabatic � ow in the freestream. Be-
cause the probe volume traversed normal to the wall, the in-
dicated change in Mach number, relative to the ZPG case, was
less than that estimated using the Prandtl– Meyer theory and
the local wall inclination; i.e., as the control volume traversed
across the boundary layer into the freestream, it moved across
successive compression waves in an upstream orientation. The
importance of this observation is that the pressure gradient
along the boundary-layer pro� le varies transversely. Table 2
also shows that the kinematic boundary-layer thickness in-
creased for the FPG � ow and decreased for the APG case,
which was the expected trend.2 Interestingly, the boundary-
layer thickness for the CPG model was signi� cantly reduced
as compared to the upstream APG region result. This is ex-
pected to be a result of the outer region of the boundary-layer
pro� le only experiencing a fraction of the expansion because
of convex curvature.

The boundary-layer shape factor H, summarized in Table 2,
was interesting in the sense that the trends were opposite of
those expected for incompressible boundary layers. The zero-
pressure-gradient value of H = 1.24 was in very good agree-
ment (well within the uncertainty as a result of the experi-
mental data scatter as seen in Fig. 4) with the predicted value
of 1.22, which was estimated from the incompressible Law of
the Wall with Coles wake function.30,31 Note that the simpler
one-seventh power law of Prandtl yielded a value of 1.28. To
predict the effects of pressure gradient, the Coles wake func-
tion was estimated as a function of the Clauser parameter using
the empirical curve � t given in White.31 The values of H were
estimated as 1.12 and 1.41 for b = 20.5 and 1.0, respectively.
Comparing to Table 2, it can be seen that the overall magni-
tudes were consistent, but the trend was reversed. This appar-
ent contradiction was a result of the incompressible � ow as-
sumption used in the estimate. Recall from the Introduction

that the effects of the density variation across the � ow are very
important for � ows that are supersonic over most of the bound-
ary layer,2 as was the case for the present study.

Figure 5 shows the axial velocity pro� les plotted with van
Driest scaling for each of the four � ow conditions. The min-
imum measured y1 locations for each data set were estimated
as 100, 50, 100, and 200 for the zero, favorable, adverse, and
combined-pressure-gradient boundary layers, respectively. As
indicated in Fig. 5, the inner region of the boundary layer was
reasonably correlated with the use of van Driest scaling. This
is consistent with the incompressible result that the inner re-
gion of the boundary layer is essentially unaffected by a pres-
sure gradient.30

The present experimental results are compared to the nu-
merical simulations obtained with the k-v turbulence model27,33

in Fig. 4. As can be seen, the agreement was very good for
all four cases. Based on the conclusions in Smith and Smits4

concerning the use of Morkovin’s hypothesis,5 this agreement
was not overly surprising. In addition, Fig. 4a compares the
velocity pro� les obtained using conventional mean-� ow
probes. The combined usage of a pitot pressure and a 10-deg,
semivertex angle, cone-static probe resulted in a direct mea-
surement of the Mach number across the boundary layer. The
conventional probe velocity pro� le in Fig. 4a was computed
from the Mach number data with the assumption of a constant
total temperature. Random error analysis indicates a 3.0% un-
certainty. As indicated in Fig. 4a, the agreement between the
two techniques was excellent, except very near the wall where
the mean � ow probe dimensions were on the same order as
the distance from the wall.

Because the LDV measurements were obtained in the log-
arithmic portion of the boundary layer, the wall shear stress
was estimated by applying the Couette � ow assumption in the
near-wall region; i.e., = tw 1 (dpw/dx)y. The skin frictionTt xy

C f values summarized in Table 2 were estimated with this re-
lation using the measured turbulent shear stresses (discussed
in the Turbulence Results section) and the pressure data in Fig.
2. In an attempt to validate the present results, the van Driest
II skin friction correlation16 was used to estimate the wall shear
stress. To perform the analysis, it was assumed that the zero-
pressure-gradient � ow could be modeled as a � at plate with
its origin starting at x = 0. The results from that analysis agreed
to within 4.3%, which was well within the expected 610%
uncertainty of the correlation.

The Clauser32 pressure gradient parameter b was also esti-
mated from the measured data as given in Table 2. Because
of the natural growth of the tunnel boundary layers, a
very slight adverse pressure increase (b = 0.02) existed.
However, this was considered negligible, and these data were
used as the zero-pressure-gradient comparison case. As can be
seen, the favorable-pressure gradient was also mild (b = 20.5)
in the sense of the Clauser parameter. The pressure gradients
associated with the adverse and combined � ows (b ’ 61.0)
were stronger than that of the favorable-pressure gradient.
However, b values of 61.0 are also generally considered to
be mild. As mentioned in the Introduction, the use of the Clau-
ser parameter may not be the most suitable choice to quantify
the pressure gradient. Hence, d was also estimated for the
four � ows here. Those results are summarized in Table 2. The
distortion parameter values of order 0.1 indicated strong
pressure gradients, which contradicts the classi� cation that re-
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Fig. 4 Comparison of predicted (k-v) and experimental velocity pro� les: a) ZPG, b) FPG, c) APG, and d) CPG.

sulted from the Clauser parameter. Also, the impulse functions
(Ip and If) were computed. These values were based on the
local measured properties in Table 2. As discussed earlier, the
pressure gradient varies across the boundary layer. Thus, a
range of Ip is present. Hence, an equally valid method
for estimating Ip would be to use the pressure estimated by
the Prandtl – Meyer theory and the local wall inclination. Al-
though the choice is somewhat arbitrary, the effects on the
magnitude of Ip can be pronounced (see Table 3). The length
of the interaction affects the magni� cation of the turbulent
shear stresses. Hence, those values are also summarized in Ta-
ble 2.

The dif� culty associated with classifying the strength of
a pressure gradient is clearly depicted in the data summarized
in Table 2 and the earlier discussion. For example, for the
ZPG case Ip, which was estimated based on data acquired at x
= 44 and 71.5 cm, was slightly higher in magnitude than that
for the APG model. Hence, by that criterion, the � ow experi-
enced a strong pressure gradient. However, all other indicators
would imply that the ZPG model experienced a negligibly
small pressure gradient. Comparison of the upstream (x = 44
cm) and downstream turbulence data indicated that the tur-
bulent shear stresses were unaffected.8 Thus, at a minimum,
all of the pressure gradient parameters summarized in Table 2
are required to qualitatively assess the strength of the pressure
gradient.

In an effort to present a global parameter that has the form

of a nondimensional pressure gradient and uses the data that
are readily available, the following de� nition is proposed:

(I 1 I )p fOIT
B = [ (1)

L Li iS D O S Dd d0 T 0

The summation is included for the successive pressure gradient
models, where it is assumed in Eq. (1) that the total effect of
the pressure gradient can be crudely represented by a simple
summation. The form of the parameter in Eq. (1) is reminiscent
of the Clauser pressure-gradient parameter; however, the wall
shear stress, which is usually not reported, is removed. The
new parameter estimates for the present � ows are summarized
in the last column of Table 2. The utility of this parameter,
along with all of the others in Table 2, will be discussed in
more detail in the following text, when comparing the turbu-
lent shear stress pro� les.

The mean transverse strain rates were estimated for all four
models. Axial and span strain rates for the ZPG, FPG, and
CPG models were acquired using the experimental measure-
ment stencil shown schematically in Fig. 6. Hale28 and Luker29

provide detailed information concerning the measurement pro-
cedure. Random error analysis indicated a nominal uncer-
tainty of roughly 615.0% for all of the strain rates. The trans-



LUKER, HALE, AND BOWERSOX 115

Table 3 Comparison of the effects of pressure gradient
on turbulent shear stresses

Flow� eld parameter
FPG, Present/
Arnette et al.25

APG, Present/
Jayaram et al.18

CPG, Present/
Smith and Smits4

Me 2.9/3.0 2.9/2.9 2.9/2.9
Reu 3 103 15/25 12/78 12/78
Rc/d0 49/50 68/50 (68/29)/(15/15)
L i/d0 8.1/6.0 4.0/7.0 (4.0/4.1)/(0 2 12/——)
Ip

a
20.47/20.41 0.35/0.46 (20.47/0.29)/(0.92/20.92)

If 20.14/20.12 0.12/0.14 (0.12/20.04)/(0.35/20.35)
IT/(L i/d0)T 20.08/20.09 0.1/0.09 20.006/0.0
Maximum amplitude,b % 2100/2100 100/100 30/’0c

a
Based on Prandtl – Meyer theory and local wall inclination.

b(txy 2 .0 0t )/txy xyc
Based on discussion in Smith and Smits.4

Fig. 5 Velocity pro� les with van Driest scaling (total uncertainty:
619.0%).

Fig. 6 Schematic of the strain rate measurement stencil (shown
for the FPG model).

verse, axial, and spanwise strain rate measurements are shown
in Figs. 7a, 7b, and 7c, respectively.

The principal strain rates (Fig. 7a) were reasonably unaf-
fected by the pressure gradient. The peak transverse strain rates
for the three pressure gradients were estimated from Fig. 7a
(y/d = 0.3 – 0.4) as 0.07d/Ue, 20.07d/Ue, and 0.07d/Ue, for the
FPG, APG, and CPG models, respectively. The peak FPG and
CPG axial strain rates (y/d = 0.3 – 0.4) were estimated from
Fig. 7b as 20.04d/Ue and 0.08d/Ue, respectively. Values below
y/d = 0.2 were not included in the preceding estimates because
of possible errors as a result of laser beam re� ections off of
the tunnel ceiling. The data in Fig. 7c demonstrate that the
� ow was two dimensional. The peak distortion magnitudes
summarized in Table 2 were estimated from these data.

Turbulence Results

Figure 8 shows a comparison of the present zero-pressure
gradient turbulent shear stress measurements to the Mach 2.9
boundary-layer results of Miller et al.,7 Robinson et al.,34 Elena
and LeCharme,35 and Johnson and Rose,36 and the M = 0.0
data of Klebanoff.37 The overall qualitative agreement of the

present results to the previous data is quite good. Because of
the uncertainties associated with the wall shear stress, bound-
ary-layer thickness, and turbulent shear stresses, the relatively
large scatter in Fig. 8 is reasonable.

The kinematic turbulent-shear-stress pro� les for the four
pressure gradients are presented in Fig. 9. Also shown are the
numerical predictions using the k-v model described in Wil-
cox.27 Details concerning the numerical methods can be found
in Fick et al.33 As anticipated, the agreement between the nu-
merical and experimental results for the zero-pressure-gradient
� ow was very good.

When compared to the ZPG model, the FPG turbulent shear
stresses were dramatically reduced (nominally 70 to 100%).
This result agrees with the perceived stabilizing effect of both
the convex curvature and favorable-pressure gradient. It was
estimated that for the 7-deg gradual expansion case of Arnette
et al.,25 which best matches the � ow conditions here, the shear
stresses also decreased by roughly 270 to 2100%. The im-
pulse-based pressure gradient parameters discussed earlier
were estimated from their data using the Prandtl– Meyer theory
and the local wall inclination. A comparison to the present
study is given in the � rst column of Table 3, where the pressure
gradient parameters for the present � ow were estimated in the
same way. As can be seen, the � ow� elds and effects on the
turbulent shear-stress peak ampli� cations were very consistent
between the two studies.

The near-zero and slightly negative shear stress values in
the outer region of the boundary layer is a second important
effect of the convex curvature-driven pressure gradient (Fig.
9). Arnette et al.25 observed the same phenomena. They rea-
soned that a reverse transition process was occurring, where
the turbulent kinetic energy was observed by the mean � ow.
Although the turbulent kinetic energy levels for both the Ar-
nette et al.25 and the present study29 were reduced as a result
of the favorable-pressure gradient, they were not nearly as af-
fected as the shear stress. Hence, it is expected that an addi-
tional phenomena may be in part responsible for dramatic ef-
fect on the turbulent shear stresses. It is important to recall
that the kinematic turbulent shear stress is a statistical moment
that appears in the Reynolds-averaged momentum equation as
a result of the nonlinear inertia terms. With this the processes
of bulk dilatation and streamline divergence can be postulated
to behave as forcing functions that drive the correlationu9v9
positive. Apparently, if the process is strong enough, the pres-
sure-gradient forcing function can overcome that of the mean
velocity gradient across the boundary layer.

A simple momentum transfer argument indicates that the
velocity gradient across the boundary layer results in a positive
shear stress. Consider a � uid clump in a ZPG boundary layer
that moves in the positive transverse direction (i.e., Dv > 0),
it will carry with it a lower axial velocity, hence, Du < 0.
Therefore, the velocity correlation would be negative.(u9v9)
Hence, the velocity gradient across the boundary layer acts as
a forcing function that results in a positive turbulent shear
stress.30
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Fig. 7 Measured strain rates: a) transverse, b) axial, and c) span-
wise.

Fig. 8 Zero-pressure-gradient turbulent shear-stress pro� les.

Now, if the effects of the expansion emanating from the wall
(i.e., nonuniform bulk dilatation and streamline divergence) are
included in the preceding argument, it can be shown that the
expansion associated with the favorable-pressure gradient can
result in reduced (or even negative) turbulent shear stresses.
Consider the � uid clump moving in the positive transverse
direction normal to the wall. As the clump moves up, i.e., Dv
> 0, it will cross successive expansion waves in an upstream

orientation, i.e., the boundary layer experiences more expan-
sion as the wall is approached. Hence, neglecting the bound-
ary-layer effects, Du > 0 as a result of the expansion, i.e., the
� uid clump will carry with it a higher axial velocity. Thus, the
net change in axial velocity Du will depend on the magnitude
of the velocity gradient across the boundary layer (Du < 0)
and that caused by expansion fans Du > 0. Therefore, the tur-
bulent shear-stress value will decrease, and perhaps be nega-
tive for the favorable-pressure gradient � ow. The expansion
wave effects are probably most pronounced in the outer region
of the boundary layer, where the velocity gradients are rela-
tively small and the expansions are relatively strong, i.e.,
higher Mach number. The FPG data in Fig. 9 conform to this
model.

Comparing the numerically predicted shear stresses to the
FPG data, the magnitude was signi� cantly overpredicted
(’200%), but the correct trend was captured. In light of the
discussion in Bradshaw,1 the ability of the k-v model to cap-
ture the trend was not surprising. In addition, it was not ex-
pected that the model would predict the negative shear stresses
in the outer half of the boundary layer. Referring back to Fig.
4, this would require a negative eddy viscosity, which is im-
possible for the k-v model to predict.

The APG shear stresses were signi� cantly increased (75 –

100%) as a result of the destabilizing concave curvature and
adverse-pressure gradient. Following the same argument as in
the preceding text, the increased turbulence correlation mag-
nitude can also be interpreted as indicating that the bulk com-
pression and streamline convergence act as a forcing function
to increase the magnitude of the turbulent shear stress. As the
clump moves up, i.e., Dv > 0, it will cross successive com-
pression waves in an upstream orientation, i.e., the boundary
layer experiences more compression as the wall is approached.
Hence, neglecting the boundary-layer effects, Du < 0 as a re-
sult of the compression. Thus, both the mean velocity gradient
and compression act as forcing functions that tend to generate
a positive Reynolds shear stress. Therefore, the turbulent
shear-stress values should have increased over those for the
zero-pressure-gradient � ow.

The present data are consistent with the 100% (or twofold)
increase for the model II curved-wall results of Jayaram et
al.,18 which were obtained using hot-wire anemometry. To
compare the overall strengths of the pressure gradient, Eq. (1)
was evaluated using their published data.18 Thus, IT/(L i /d0)T =
0.09 compared to the value of 0.1 for the present case (see
Table 3). Hence, the agreement in trends between the two stud-
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Fig. 10 Turbulent shear-stress ampli� cation — new pressure gra-
dient parameter correlation.

Fig. 9 Kinematic turbulent shear-stress pro� les.

ies was expected. Even though the individual impulses were
different, the new parameter was very similar between the two
studies. It is also interesting to note that the Reynolds numbers
differed by a factor of 6.5. The k-v model underpredicted the
shear-stress magnitudes (Fig. 9) by roughly 50%.

The turbulent shear-stress results for the favorable-pressure-
gradient region of the CPG model indicated that the levels had
returned to values similar in magnitude to the incoming bound-
ary layer, although a slight overshoot did remain over the up-
per portion of the boundary layer. The slight overshoot was a
result of the upper portion of the boundary layer experiencing
the full compression, but only a portion of the following ex-
pansion. Hence, based on the forcing function notions de-
scribed earlier, it was expected that the shear-stress levels
would be closer to the incoming boundary-layer levels near
the wall where the � ow has experienced almost equal and op-
posite expansion and compression waves, i.e., the change in
axial momentum as a � uid clump moves in the positive trans-
verse direction is relatively similar to that of the incoming
boundary layer. However, in the outer region of the boundary
layer, the clumps were still traversing across a portion of the
compression wave. Qualitatively, these data agreed with the
� ndings of Smith and Smits,4 where the turbulent shear-stress
levels returned to the upstream values at the exit of the suc-
cessive pressure gradients (summarized in Table 3). The CFD
shear-stress predictions (Fig. 9) were about 70% higher than
the data.

Although it is not suggested that the new parameter is rep-
resentative of the � ow physics, the data summarized in Table
3 do suggest a reasonable empirical correlation, even for com-
bined-pressure gradient � ows. The ampli� cations are plotted
as a function of the new pressure gradient parameter B in Fig.
10. For the relatively mild pressure gradients summarized in
Table 3, the peak ampli� cation is about 10 times the parameter
[Eq. (1)]; i.e., ’ 10B. However, as the strengthT 0 0(t 2 t )/txt xy xy

increases, the scatter seems to increase. For example, B = 0.43
for the model I curved-wall results summarized in Refs. 2 and
4, the ampli� cation of the Reynolds shear stress was 290%.
The correlation would predict a peak ampli� cation of 430%.
On the other hand, the model IV ampli� cation was 600% for
B = 0.3. Also, as B ® ` (i.e., L i = 0), the ampli� cation remains
� nite. For example, the 8- and 16-deg ramp data summarized
in Refs. 2 and 4 had � nite ampli� cations of 290 and 550%,
respectively. Similarly, the 7- and 14-deg corner expansion
data of Arnette et al.25 had � nite ampli� cations at nominally
2110 and 2130%, respectively. This indicates that an effec-
tive interaction length caused by the viscous effects is likely
to be present. This may also explain the rather large scatter in
Fig. 10 for the rapidly applied strong adverse-pressure gradi-
ents (B > 0.3), where the boundary-layer thickness was rela-
tively large compared to the interaction length.

Conclusions
A detailed experimental investigation of the turbulent shear

stresses for a supersonic boundary layer subjected to pressure-
gradient-driven distortions was performed using two-compo-
nent LDV. Four pressure-gradient � ows were examined: a
nominally zero-pressure-gradient case for comparative pur-
poses (M = 2.8, Reu = 11,000, b = 0.02); a favorable-pressure
gradient (M = 2.9, Reu = 15,000, b = 20.5); an adverse-pres-
sure gradient (M = 2.7, Reu = 12,000, b = 0.9); and a succes-
sive-pressure gradient (M = 2.5, Reu = 12,000, b = 21.0 fol-
lowing a region of b = 0.9). For the adverse-pressure gradient,
the turbulent shear-stress levels were ampli� ed by 70 – 100%.
For the favorable-pressure gradient, a 70 – 100% decrease was
observed. For the combined-pressure gradient, the shear
stresses returned to values similar to the zero-pressure gradient
� ow. A pressure-gradient parameter was de� ned, and found to
correlate well with the peak ampli� cation of the turbulent
shear stresses. Previously reported data were also found to ad-
here to the same empirical correlation. It was also postulated
that the shear-stress ampli� cations were in part the result of
the nonuniform bulk dilatation and streamline divergence im-
pressing a forcing function that affected the statistical cor-u v9 9
relation. The combined-pressure gradient � ow demonstrated
that the turbulent structure adjusted relatively rapidly to the
distortion. The numerical simulations of the mean velocity ob-
tained with a k-v turbulence model were found to agree with
the present data. However, with the exception of the zero-
pressure-gradient � ow, the magnitude of the turbulent shear
stress was not accurately reproduced.
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